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I. Introduction

T HE k– x two-equation eddy-viscosity model has become a
widely used turbulencemodel for wall-bounded,aerodynamic

� ows for two main reasons: it does not require any wall-damping
functions or the computation of wall distances, and it is less stiff
than k–² models in the near-wall region. In particular, the � rst prop-
erty is desirable for complex con� gurations. However, the original
k– x model of Wilcox1,2 has one main drawback: the results depend
on the freestream value of the turbulence variables (in particular x )
even at very low freestream eddy-viscosity levels. This freestream
dependence seems to be the strongest for free shear layers but is
also signi� cant for boundary layers. As shown by Menter,3 a cor-
rect solution for boundary layers can be obtained if a suf� ciently
large value of x is applied at the boundary-layer edge. In practice,
however, it is dif� cult to obtain such a large value at the boundary-
layer edge because the turbulencevariablesare generallyprescribed
at a far-� eld boundary and will decay in the freestream.

Because the k–² model generally does not seem to have this
freestreamdependency,Menter4 proposed to resolve the freestream
dependency by a blending between the standard Wilcox model and
the standard k–² model (in a k– x formulation). The model switches
from k– x to k–² approachingthe boundary-layeredge,with as main
effect the inclusion of an extra term (the so-called cross-diffusion
term) in the x equation. However, the wall distance is required to
evaluatethe blending function,thus loosingone of the advantagesof
thek– x model.Wilcox5 proposedto includethecross-diffusionterm
without any blending functionsand to switch it off when it becomes
negative so that it is not effective in the near-wall region, which
is crucial for a correct behavior of the k– x model. The analysis
and results in this Note, however, will show that with the model
coef� cientschosenbyWilcoxthismodeldoesnot effectivelyresolve
the freestream dependency.

An alternative approach is to enforce the correct (large) value
of x at the boundary-layer edge. See, for example, the k–g model
of Kalitzin et al.6 or the background production as suggested by
de Cock.7 A second alternative is to redesign the model such that a
correct solution is obtained for a suf� ciently small (instead of suf-
� ciently large) freestream value of x , as done recently by Wilcox.2

The behavior of the k–² type models at freestream edges of tur-
bulent regions was studied by Cazalbou et al.8 A one-dimensional
model problem was considered together with a particular,weak so-
lution representing a front between a turbulent and a nonturbulent
region.Constraintswerederivedfor which the weak solutionis valid
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and for which the front moves into the nonturbulent region. It was
demonstrated that most k–² models show the weak solution, also in
practical situations, and that for such weak solutions the freestream
dependency is weak.

In this Note the analysis of Cazalbou et al.8 is extended to the k–

x model including the cross-diffusionterm. A new set of diffusion
coef� cients is derivedthat effectivelyresolvesthe freestreamdepen-
dency, as demonstrated by computations for the � at plate and the
RAE2822 airfoil. All computations have been performed with the
NLR � ow-simulation system ENFLOW for multiblock structured
grids.9

II. Analysis
The k– x model equations, including the cross-diffusionterm, are

given by
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with q the density, u the velocity vector, l the molecular-viscosity
coef� cient, k the turbulent kinetic energy, x the speci� c turbulent
dissipation,and l t = q k / x the eddy-viscositycoef� cient. The pro-
duction terms are Pk = s R

i j @u j / @xi and Px = a x x Pk / k, with ¿ R

the Reynolds-stress tensor, and the cross-diffusion term is given
by
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The k– x model has six closure coef� cients: a x , b ¤ , b , r k , r x , and
r d . FollowingWilcox,1 four relationsbetween these coef� cients can
be derived. First, to be consistent with the experimental decay of
the turbulentkinetic energy for homogeneous,isotropic turbulence,
b ¤ / b = 6

5 . Second, to obtain the correct solution in the inner layer
of a constant-pressure boundary layer, consistent with the law of
the wall, a x = b / b ¤ ¡ r x j 2 /

p
b ¤ (with j =0.41 the von Kármán

constant), and b ¤ =0.09, while further r x =0.5 or otherwise a low-
Reynolds-number modi� cation is needed.5 The effect of the two
remaining coef� cients, r k and r d , on the solution in the inner layer
is weak; they will be tuned to obtain a desirable behavior of the
model at the boundary-layeredge.

Following Cazalbou et al.,8 the following set of one-dimensional
diffusion equations is considered as a model for freestream edges
of turbulent regions:
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with m t =k / x and with the diffusion coef� cients r k , r x > 0, and
r d ¸ 0. This set of equations has a particular weak solution,
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consisting of a front between a turbulent and a nonturbulent region
moving with a velocity c in the positive y direction:

k = k0 f r x / ( r x ¡ r k + r d ) , x = x 0 f ( r k ¡ r d )/ ( r x ¡ r k + r d )

u = u0 f r k r x / ( r x ¡ r k + r d ) , m t = (k0 / x 0) f (7)

with

f = max

»
ct ¡ y

d 0
, 0

¼
, c =

k0

x 0 d 0

r k r x

r x ¡ r k + r d

(8)

and with k0, x 0 , and d 0 positive constants. (For y > ct , x =0 is not
a strict solution of the equations; in practice, small nonzero values
for k and x are used in the freestream.)

A number of constraints can be derived from this particular solu-
tion. First, for this solution to be a valid weak solution of the model
problem, the three transported variables (k, x , and u) must go to

Fig. 1 Solutions of various k–! models for � at plate at Re 1 = 107, M 1 = 0:5, and Ret; 1 = 10¡ 2 . Eddy-viscosity and velocity distributions (law-of-
the-wall scaling) at x/L = 0:5. Transition: 5% from leading edge. Grid: 64 £ £ 64 grid cells, with 40 on the � at plate, 30 to 40 in the boundary layer, and
y+ ¼ 1 for � rst grid point.

zero when approaching the front from the side y < ct , resulting in
the constraints

r x ¡ r k + r d > 0 (9)

r k ¡ r d > 0 (10)

Second, the slope of u at the front is required to be � nite (physically
valid), resulting in

r x ¡ r k + r d · r k r x (11)

Constraint (10) ensures that the slope of k at the front is also � nite.
Third, for the particular solution of the model problem to be rep-
resentative for the solution of the k– x model at a boundary-layer
edge, we require the production and dissipation terms in the k and
x equations to be negligible compared to the diffusion terms when
approaching the front. For the k equation the diffusion, production,
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and dissipation terms are
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Requiring the power of f in the productionand dissipation terms to
be larger than the power of f in the diffusion term, one obtains the
constraints

r k > 0.5, r x > 0 (15)

For the x equation the same constraints are obtained.
An important consequence of constraint (9) is that the velocity

of the front is positive (c > 0). Thus, the front moves into the non-
turbulent region. On this basis, one can expect the dependence of
the solution on the freestream values of k and x to be weak (if the
freestream eddy viscosity is negligibly small).

The standard Wilcox model (r x =0.5, r k =0.5, r d =0) as well
as the Wilcox model including cross diffusion ( r x =0.6, r k =1.0,
r d =0.3) do not satisfy constraint (9). For the Menter baseline
model the set of coef� cients obtained near the boundary-layeredge
( r x =0.856, r k =1.0, r d =2r x ) satis� es constraint (9), resulting
in a positive velocity of the front, but not constraint (10), so that
the weak solution is not strictly valid (x goes to in� nity when ap-
proaching the front).

The followingnew choice of values for the diffusioncoef� cients,
denoted as the turbulent/nonturbulent (TNT) set,

Fig. 2 Solution of various k–! models and Cebeci–Smith model for RAE2822 airfoil, case 9 (M 1 = 0:73, Re 1 = 6:5 £ £ 106 , ® = 2:8 deg, Ret; 1 = 10¡ 2,
k 1 = 10¡ 6u2

1 ). Transition: 3% from leading edge. Grid: 528 £ £ 96 grid cells with 384 around the airfoil, 30 to 40 in the boundary layer, y+ < 1 for � rst
grid point, and far � eld at 50 chords.

r x = 0.5, r k = 2
3 , r d = 0.5 (16)

satis� es all formulated constraints of the TNT analysis just shown.
Note that r x =0.5 so that low-Reynolds modi� cations are not
needed.

III. Results
As a � rst test case, the � at-plate constant-pressure boundary

layer is considered at a Reynolds number of Re 1 =107 and a free-
streamturbulentReynoldsnumberofRet, 1 = ( l t / l ) 1 =10 ¡ 2. The
freestream value of k is varied by several orders of magnitude, thus
also varying the freestream value of x . Figure 1 shows the com-
puted skin-friction coef� cients, compared to the skin-friction law
given by Cebeci and Smith10 [Eq. (5.4.23)], as well as the velocity
and eddy-viscositydistributions at the location Rex =5 £ 106 .

For the standard Wilcox model as well as for the Wilcox model
with cross diffusion, the dependency of the solution on the
freestream values is apparent. This dependency is most clearly
revealed for the eddy-viscosity distribution. The transport of low
freestream values of x into the boundary layer results in a net pro-
duction of eddy viscosity near the boundary-layeredge, which be-
comes stronger as the freestreamvalue of x is decreased.The larger
eddy-viscosity levels cause an increase of the skin-friction coef� -
cient. To obtain the correct solution, the value of x at the boundary-
layer edge should be suf� ciently large as pointed out by Menter.3

In practice, this value is not obtained (even for the largest value of
k 1 ) because the value of x has decayed before the boundary-layer
edge is reached.As a consequence,the skin-frictiondistributionlies
above the theoretical law.

Consistent with the analysis, the computations with the TNT
choice of diffusion coef� cients show practically no freestream de-
pendency. Although the distribution of the eddy viscosity at the
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boundary-layeredge is still slightly freestreamdependent, the level
of eddy viscosity and therefore also the skin-friction coef� cient are
not. Furthermore, the velocity distribution is consistent with the
law-of-the-wall solution.

As a second test case, the RAE2822 airfoil is considered (in par-
ticular, case 9 of Ref. 11). Figure 2 compares the pressure and skin-
friction distributions of the different models to the experimental
results. For the two Wilcox variants the shock is located slightly
aft compared to the Cebeci–Smith model and the new k– x variant.
Similarly as for the � at plate, theTNT k– x variantgives lower levels
of the skin friction than the two Wilcox variants, and in this case
closer to the Cebeci–Smith model and to the experimental values.
Most likely, the more aft shock position and the higher skin friction
for the two Wilcox variants are a result of higher eddy-viscosity
levels (as were seen for the � at plate). This again may be a conse-
quence of the values of x at the boundary-layeredge being too low.
For the TNT k– x variant the absence of freestream dependency is
shown for the skin-friction coef� cient.

IV. Conclusions
The theoretical analysis of TNT interfaces presented in this Note

has resulted in a set of constraints that the diffusion coef� cients of
the k– x model (includingthe cross-diffusionterm) should satisfy to
resolve the freestream dependency for a model problem. A new set
of diffusioncoef� cientshasbeen chosen that satis� es this set of con-
straints.Furthermore, theseTNT coef� cients allow the correct near-
wall solution for a constant-pressureboundary layer without the in-
troductionof any blendingfunctionsor near-wallmodi� cations, i.e.,
without introducing the wall distance.Computations for a � at-plate
constant-pressureboundary layer and for a two-dimensionalairfoil
have demonstrated the effective elimination of the freestream de-
pendencyat low freestreameddy-viscositylevels,whilemaintaining
the correct near-wall solution.
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Introduction

L OW-REYNOLDS-NUMBER aerodynamics, in the range of
Re =5 £ 104–1 £ 106, is important for a variety of aircraft,

rangingfromsailplanesandhuman-poweredaircraftto high-altitude
unmanned aerial vehicles.1,2 There has been considerable research,
both experimental3 ¡ 5 and computational,6 ¡ 8 on low-Reynolds-
number � ows over airfoils.

The � ow� eld in low-Reynolds-number� ows over airfoils is char-
acterizedby the presenceof separationbubbles,which have a strong
in� uence on the perfomance of the airfoils. The experimental in-
vestigations have also considered the unsteady features of low-
Reynolds-number � ows over airfoils. Leblanc et al.3 showed that
the peak frequencies measured in the velocity spectra for the insta-
bility region match the most ampli� ed wave-number and frequency
scaling calculatedby linear stability theory. The linear evolution of
disturbances in the separationbubble was also observed by Dovgal
et al.4 They also detailed the nonlinear interactions of the distur-
bances and the path to transition.

Low-Reynolds-number separation bubbles include � ows in both
the subsonic and transonicMach-number regimes. Drela and Giles6

and Drela8 used a viscous-inviscidapproach to calculate transonic
low-Reynolds-number� ows. The simulationsused an Euler formu-
lation coupled with an integral boundary-layer formulation, with
a transition prediction formulation of en type. Their calculations
show the strong in� uence of separationbubbleson the performance
of the airfoils. Lin and Pauley7 used an unsteady, incompressible
Navier–Stokes approach to compute low-Reynolds-number � ows.
Their results show the unsteady nature of the separationbubble and
the associated periodic vortex shedding. The dominant frequency
was shown to be in agreement with the most ampli� ed frequency
from the linear stability analysis, of a mixing layer corresponding
to the separated boundary layer.

The present study considers numerical simulation and analysis
of low-Reynolds-numbercompressible� ows over airfoils to under-
stand the physics of the separated � ows. A detailed linear stability
analysis of the separated � ow is performed to explain the unsteady
nature of the � ow. Numerical results show an unsteady vortex shed-
ding process, which is shown through a linear stability analysis to
correspond to the instability of the separated boundary layer. The
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